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Abstract 

The quadrance between two points Ai = {xi,yi) and A2 = (x2, 2/2) is the number 
Q{Ai,A2) = (xi — X2)^ + (2/1 — ^2)^- Let q be an odd prime power and Fg be the 
finite field with q elements. The unit-quadrance graph Dg has the vertex set Fg, and 
X,Y £ Fg are adjacent if and only if Q(Ai,A2) = 1. Let x{Pg) be the chromatic 
number of graph Dg. In this note, we will show that q^^'^{l/2 + o(l)) ^ x{Pq) ^ 
(7(1/2 + 0(1)). As a corollary, we have a construction of triangle-free graphs Dq of 
order q^ with x{Dg) > q/2 for infinitely many values of q. 

1 Introduction 

In fS] , Wildberger introduces a remarkable new approach to trigonometry and Euclidean 
geometry by replace distance by quadrance and angle by spread, thus allowing the de- 
velopment of Euclidean geometry over any field. The following definition follows from 

m 

Definition 1 The quadrance Q{Ai,A2) between the points Ai = {xi,yi), and A2 = 
{x2,y2) in is the number 

Q{Au A2) := {X2 - + (1/2 - yif. 

This approach motives the question of finding chromatic number of unit-quadrance 
graph over any field. Note that in usual 2-dimensional Euclidean space then the 
quadrance between Ai, A2 is unit if and only if the distance between Ai, A2 is unit. 

Let q be an odd prime power and Fg be the finite field with q elements. The unit- 
quadrance graph Dq has the vertex set F^, and X,Y & F^ are adjacent if and only if 
Q{Ai,A2) = 1. This graph (or so-called finite Euclidean graph) was also studied by 
Medrano et al in j2]. Recall that the graph Dg is a regular graph with degree A{Dq) = 
q — (— l)('J-i)/2 ^ggg j2])_ x{Pq) b6 the chromatic number of graph Dg. The main 
result of this note is the following theorem. 
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Theorem 1 Suppose that q — > 3 where p is an odd prime number then 
gV2(i/2 + 0(1)) ^ ^(F^) ^ ^ ^(^/2 + 0(1)). 

2 Some Lemmas 

In order to prove Theoreom 1, we need some lemmas. 

Lemma 1 Suppose that a & Fg such that + 1 is not square in Fg. For any B in 
the line y — ax + i then Q{A, B) ^ 1. 

Proof Suppose that A = {xi, axi + i) and B = {x2, ax2 + i) for some xi^ X2 & Fg. We 
have 

Q(A5) = (a' + l)(xi-X2)Vl 
since + 1 is not square in Fg. The lemma follows. □ 

Recall that a (multiplicative) character of Fg is a homomorphism from F*, the mul- 
tiplicative group of the non-zero elements of Fg, to the multiplicative group of complex 
numbers with modulus 1. The identically 1 function is the principal character of Fg and 
is denoted Xo- Since x^^^ = 1 for every x G F* we have x'^~^ = Xo for every character 
X- A character x is of order d ii x'^ = Xo and d is the smallest positive integer with this 
property. By convention, we extend a character x to the whole of Fg by putting x(0) = 0. 
The quadratic (residue) character is defined by x(x) = x^'^~^^/'^. Equivalently, x is 1 on 
square, at and —1 otherwise. It is easy to see that Ylii^Fq x(0 — 0- We have the 
following lemma. 

Lemma 2 Suppose that t is not a square in Fg. Then there exists a square number i e F* 
such that —i-\-t is not a square in Fg. 

Proof Let Ag be the number of i e F* such that i is square but —i + tis not. Consider 
the sum 

J] (1 - xW) (1 + X(-^ + i)) = g + J] {-X{i) + x{-i + t)- x{^{-^ + t))} 

= E x(^'(-l + ^^-^)) 

= q- Yl xi-^ + ti-') 

i&Fq^Q,t 

= g + x(-i) + x(o) 

^^+(_l)('/-l)/2. 
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if i is square and — i + t is not square, 
if i = t. 
otherwise. 

{q + - 2)/4 > 1. This concludes the 

□ 

Lemma 3 Suppose that q > 5 is a prime power. Let a ^ Fq such that + 1 is not 
square. There exist t G F* such that if A is in the line y = ax + i and B is in the line 
y = ax + i + t then Q{A, B) ^ 1 for any i & Fg. 

Proof Suppose that X = (x, ax + i) and Y = {y,ay + i + t) then 

QiX,Y) = ix-yY + iaix-y)+tf 

= (a^ + l)(x - y)^ + 2a{x - y)t + t^. 

If Q{X, y) = 1 then + 1 = [(a^ + l)(x - y) + at]^ + From Lemma there exists 
i G F* such that i is square but — i + + 1 is not. Hence, we can choose t such that 
t"^ = i. This concludes the proof of the theorem. □ 

In 12], Medrano et al. give a general bound for eigvenvalue of Dg. 

Lemma 4 (^J) Let X ^ ^{Dq) be any eigenvalue of graph Dg then |A| < g^^^. 

The following result which is due to Hoffman gives us a connection between the chro- 
matic number and eigenvalues of a graph. 

Lemma 5 (fTf) Let G be any graph with the largest and least eigenvalues are Ai and A*. 
Then 

X{G) > 1 - ^. 

3 Proof of Theorem 1 

The lower bound is straigtforward from Lemmas |3] and We have Ai = g ± 1 since Dq 
is a (g ± l)-regular graph. Lemma E] gives us A^, > — g^/^. Hence 

x{Dq)>l + ^-^ = q'/'{l + o{l)). 

The upper bound is proved by a geometrical colouring. Let a G F* such that + 1 is 
not a square in Fq and choose t satisfy LemmaOl We partition Fq into p"""^ disjoint sets of 
the form {ai,ai + t, ...,«, + (p— l)t} for i = 1, . . . We colour 2p points in the lines 



But we have 



(l-xW)(l + x(-^ + t)) = <(2 





Thus, 4:Aq + 2 = q + (-l)('?-i)/2 or Aq 
proof of the lemma. 
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Table 1: 4- colouring of 



y = ax + ai + {2k)t and y = ax + ai + {2k + l)t the same colour for each z = 1, . . . 
and < /c < (p — 3)/2 (using different colours for each pair {i,k)). And we colour p 
points in the line y = ax + ai -\- p — 1 the same colour for each i = 1, . . . (using 
different colour for each i). Then total number of colours we have used is p^~^{p + l)/2. 
From Lemmas [U and there does not exist two point A,B such that Q{A,B) = 1 and 
A, B have the same colour. This implies the upper bound and concludes the proof of the 
theorem. 

Example 1 For q = 7 then we have 3 < xi^r) ^ 4 (the upper bound follows from 
Theorem{J[ the lower bound is trivial since Dj contains a cycle of length 7). We choose 
a = 5,t = 3 then + 1 = 5 and —t^ + + 1 = 3 are not square in Fj. We have a 
A-colouring of points of F^ in Table 1. It has been verified by computer that there does 
not exist a 3-colouring of vertices of Dj. This implies that xi^i) = xi^i) = 4. 

4 Triangle-free graphs with arbitrary high chromatic 
numbers 

The unit-quadrance graphs give us a family of triangle-free graphs with arbitrary high 
chromatic numbers. We have the following lemma. 

Lemma 6 Let q be any prime of the form q = 12k ± 7. Then Dg contains no triangle. 

Proof Suppose that Dg contains a triangle XYZ with X = (m, n), Y = {m + x,n + y) 

and Z = {m + X + u, n + y + v) for some m, n, x, y,u,v G Fg then x"^ + y"^ = u"^ + v"^ = 
{x+u)'^ + {y+v)'^ = 1. This implies that XM+yi; = —1/2. We have {xu+yvy + {xv—yuy = 
(x^ + y'^){u'^ + f ^) so 

{xv - yuf = 1 - 1/4 = 3/4. 

For g = 12 ± 7 then 3 is not square in Fg. Hence we have a contradiction. This concludes 
the proof of the lemma. □ 

From Theorem^ and Lemma IHl ii q = ±7 (mod 12) is a prime number then Dg is a 
triangle-free graph with chromatic number x{Dq) > 9/2(1 -|- o(l)). This give us a family 
of triangle-free graphs with arbitrary high chromatic numbers. 
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5 Higher dimensional spaces 

The quadrance can be defined in higher dimension space for m > 2 as follows. 

Definition 2 The quadrance Q{Ai,A2) between the points X — {xi, . . . ,Xm), Y — 
ivi, ■ ■ ■ , Um) £ is the number 

m 
i=l 

The unit- quadrance graph has the vertex set F™, and X, y G are adjacent if 
and only if Q{Ai, A2) = 1. Let be the chromatic number of graph D^. Similar as 

the above, we have the following theorem. 

Theorem 2 Suppose that m > 2 and q — p"^ > 3 where p is an odd prime number then 

g(-i)/2(i/2 + 0(1)) ^ x{F^) < ^ = g"^-^(l/2 + 0(1)). 

The proof of this theorem is omitted since it is the same as the proof of Theorem 1. 
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